We prove that the edge ideals of line and cyclic graphs and their quotient rings satisfy the Stanley conjecture. We compute the Stanley depth for the quotient ring of the edge ideal associated to a cycle graph of length n, given a precise formula for n ≡ 0, 2(mod 3) and tight bounds for n ≡ 1(mod 3). Also, we give a lower bound for the Stanley depth of a quotient of monomial ideals in terms of the minimal number of monomial generators.
Introduction
Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring over K. Let M be a Z n -graded S-module. Stanley [8] conjectured that sdepth S (M) ≥ depth S (M) for any Z n -graded S-module M. Herzog, Vladoiu and Zheng show in [3] that sdepth S (M) can be computed in a finite number of steps if M = I/J, where J ⊂ I ⊂ S are monomial ideals. However, it is difficult to compute this invariant, even in some very particular cases. In [7] , Rinaldo give a computer implementation for this algorithm, in the computer algebra system CoCoA.
Let I n and J n be the edges ideals associated to the n-line, respectively n-cycle, graph. Alin Ştefan [9] proved that sdepth(S/I n ) = n 3
. Using similar techniques, we prove that sdepth(S/J n ) = n−1 3
, for n ≡ 0(mod 3) and n ≡ 2(mod 3). Also, we prove that sdepth(S/J n ) ≤ n 3 , for n ≡ 1(mod 3). See Theorem 1.9. In particular, S/J n satisfies the Stanley conjecture. Also, we note that both I n and J n satisfy the Stanley conjecture, see Corollary 1.5. In the second section, we give a lower bound for the Stanley depth of a quotient of monomial ideals in terms of the minimal number of monomial generators, see Proposition 2.4.
Main results
Let n ≥ 3 be an integer and let G = (V, E) be a graph with the vertex set V = [n] and edge set E. Then the edge ideal I(G) associated to G is the squarefree monomial ideal I = (x i x j : {i, j} ∈ E) of S.
We consider the line graph L n on the vertex set [n] and with the edge set E(
. . , x n−1 x n ) ⊂ S. Also, we consider the cyclic graph C n on the vertex set [n] and with the edge set E(
We recall the well known Depth Lemma, see for instance [ Using Depth Lemma, Morey proved in [5] the following result.
In the following, we will prove a similar result for S/J n .
, the ring of polynomials in k variables. We use induction on n. If n ≤ 3 then is an easy exercise to prove the formula. Assume n ≥ 4 and consider the short exact sequence
Note that (J n : x n ) = (x 1 , x n−1 , x 2 x 3 , . . . , x n−3 x n−2 ) and therefore we get S/(J n :
. . , x n−2 x n−1 , x n ) and therefore S/(J n , x n ) ∼ = S n−1 /I n−1 . By Lemma 1.2, we get depth(S/(J n : x n )) = n−3 3
and depth(S/(J n , x n )) = n−1 3 . Using Lemma 1.1, we get depth(S/J n ) = n−1 3
, as required.
We recall the following result of Okazaki. 
As a direct consequence of Lemma 1.2, Lemma 1.3 and Theorem 1.4, we get. . In particular, I n and J n satisfy the Stanley conjecture.
In [9] , Alin Ştefan computed the Stanley depth for S/I n . In [6] , Asia Rauf proved the analog of Lemma 1.1(a) for sdepth:
sdepth(M) ≥ min{sdepth(U), sdepth(N)}.
Using these lemmas, we are able to prove the following Proposition.
. In particular, S/J n satisfy the Stanley conjecture.
Proof. As in the proof of Lemma 1.3, we consider the short exact sequence
Since S/(J n : x n ) ∼ = (S n−2 /I n−2 )[x n ] and S/(J n , x n ) ∼ = S n−1 /I n−1 , by Lemma 1.6 and [3, Lemma 3.6], we get sdepth(S/(J n : x n )) = n−3 3
and sdepth(S/(J n , x n )) = n−1 3
. Using Lemma 1.7, we get sdepth(S/J n ) ≥ n−1 3
Let P ⊂ 2
[n] be a poset and
] be a partition of P. We denote sdepth(P) := min i∈[r] |D i |. Also, we define the Stanley depth of P, to be the number sdepth(P) = max{sdepth(P) : P is a partition of P}.
We recall the method of Herzog, Vladoiu and Zheng [3] for computing the Stanley depth of S/I and I, where I is a squarefree monomial ideal. Let G(I) = {u 1 , . . . , u s } be the set of minimal monomial generators of I. We define the following two posets:
x j for some i } and P S/I := 2
[n] \ P I .
Herzog Vladoiu and Zheng proved in [3] that sdepth(I) = sdepth(P I ) and sdepth(S/I) = sdepth(P S/I ). Now, for d ∈ N and σ ∈ P, we denote
With these notations, we are able to prove the following result.
, for n ≡ 0(mod 3) and n ≡ 2(mod 3).
, for n ≡ 1(mod 3).
Proof. Using Proposition 1.8, it is enough to prove the "≤" inequalities. Let P = P S/Jn . Firstly, note that if σ ∈ P such that P d,σ = ∅, then sdepth(P) < d. Indeed, let P : P = r i=1 [F i , G i ] be a partition of P with sdepth(P) = sdepth(P). Since σ ∈ P, it follows that σ ∈ [F i , G i ] for some i. If |G i | ≥ d, then it follows that P σ,d = ∅, since there are subsets in the interval [F i , G i ] of cardinality d which contain σ, a contradiction. Thus, |G i | < d and therefore sdepth(P) < d.
We have three cases to study. 1. If n = 3k ≥ 3 and σ = {1, 4, . . . , 3k − 2}, then P k+1,σ = ∅. Indeed, if u = x 1 x 4 · · · x 3k−2 , one can easily see that u · x j ∈ J n for all j ∈ [n] \ σ. Therefore, be previous remark, sdepth(S/J n ) = sdepth(P) ≤ k = n−1 3
, as required. 2. If n = 3k + 2 ≥ 5 and σ = {1, 4, . . . , 3k + 1}, then P k+2,σ = ∅. As above, it follows that sdepth(S/J n ) ≤ k + 1 = n−1 3 . 3. If n = 3k + 1 ≥ 7 and σ = {1, 4, . . . , 3k − 2, 3k}, then P k+2,σ = ∅ and therefore sdepth(P) ≤ k + 1 = n 3 . Remark 1.10. If n = 4, one can easily see that sdepth(S/J 4 ) = 1. Also, for n = 7, we can check that sdepth(S/J 7 ) = 2. On the other hand, using the SdepthLib.coc of CoCoA, see [7] , we get sdepth(S/J 10 ) = 4 and sdepth(S/J 13 ) = 5. We expect to have sdepth(S/J n ) = n 3
, for all n ≥ 10 with n ≡ 1(mod 3).
Bounds for Sdepth of quotient of monomial ideals
First, we recall several results. Proof. Denoting G(I) = {v 1 , . . . , v p }, it follows that J = (v 1 , . . . , v p , w 1 , . . . , w r ). So, if w ∈ J \ I is a monomial, then w j |w for some j ∈ [r] and therefore B is a system of generators for J/I. On the other hand, since w 1 , . . . , w r minimally generated L, we get the minimality of B.
We consider I ⊂ J ⊂ S two monomial ideals. Denote G(I) = {v 1 , . . . , v p } and G(J) = {u 1 , . . . , u q } the sets of minimal monomial generators of I and J.
If u 1 ∈ I, then we may assume that v 1 |u 1 . On the other hand, I ⊂ J and therefore, there exists an index i such that u i |v 1 . We get u i |u 1 and thus u i = u 1 = v 1 . Using the same argument, we can assume that there exists an integer r ≥ 0 such that u 1 = v 1 , . . . , u r = v r and u r+1 , . . . , u q / ∈ I. By Lemma 2.3, {u r+1 + I, . . . , u q + I} is a set of generators of J/I. With these notations, we have the following result, which is similar to [3, Theorem 2.4]. 
